Introduction
The regularized long wave (RLW) equation is one of the model nonlinear evolution equations, which was first introduced by Peregrine [22] to explain the development of the undular bore. The RLW equation has also been used to describe many physical phenomena in various areas of science such as shallow water waves, ion-acoustic waves in plasma, etc. Analytical solutions of nonlinear partial differential equations (PDEs) are generally not available, so numerical solutions of these equations are very important in applied science. Therefore, various numerical methods of solving the RLW equation have been proposed so far, such as finite difference and finite element methods [4, 11, 12, 16, 18, 21, 28] .
Splines are a class of piecewise polynomials that have continuity depending on the degrees of the polynomials. Since they have important geometric properties and lower computational cost, the bases of splines known as B-splines are widely used for numerical methods. In 1964 Schoenberg introduced trigonometric spline functions and proved the existence of locally supported trigonometric spline and B-spline functions [25] . Koch constructed a class of multivariate trigonometric B-splines from the multivariate polynomial ones [15] . The derivation and some properties of the trigonometric B-splines were investigated in studies [17, 26] . Nicolis presented a numerical method for solving ordinary differential equations with quadratic trigonometric splines [19] . The linear two-point boundary value problems of order two were solved using the cubic trigonometric Bspline interpolation method in [10] . Abbas et al. proposed a collocation finite difference scheme based on cubic trigonometric B-spline for the numerical solution of a one-dimensional hyperbolic equation (wave equation) with the nonlocal conservation condition [1] . Burgers cubic trigonometric B-spline and the subdomain Galerkin method using the quadratic trigonometric B-spline, respectively, in [2, 5] . The cubic and quadratic trigonometric B-spline Galerkin finite element methods were proposed for the numerical solution of the RLW equation by Irk and Keskin [13, 14] . Some researchers showed that the accuracy of the numerical solutions of PDEs are improved if the Galerkin finite element method is used for space discretization together with B-spline functions. However, as far as we know, no work has been found for the numerical solution of any equation using the quartic trigonometric B-spline Galerkin method.
We will consider the RLW equation in the following form:
with the boundary conditions u → 0 as x → ±∞, where u represents dimensionless surface elevation, ε and µ are positive parameters, and subscripts x and t denote distance and time, respectively. To apply the numerical method, the distance variable x of the problem is restricted over a finite interval
. In addition, the space interval must be chosen as large as possible to fit the boundary condition u → 0 as x → ±∞ . In this study boundary conditions will be selected over the space region as
and the initial condition
will be chosen in the numerical experiments section.
In this paper, we have set up an algorithm for the numerical solutions of the RLW equation by using the quartic trigonometric B-spline Galerkin method based on the second and fourth order time discretization method. In Section 2, the proposed method is presented. In Section 3, the propagation of a solitary wave, the interaction of two positive solitary waves, and the wave generation test problems are treated for the efficiency and the accuracy of the method. The results obtained are compared with exact results and also other numerical results given in the literature in terms of norm L ∞ and conservative quantities.
Quartic trigonometric B-spline Galerkin method
The exact solutions of the unknown functions at the grid points are expressed as follows: 
Time discretization
We rewrite the RLW equation in the following form:
The time discretization of Eq. (4) is carried out using the following one-step and two-step methods:
The second method is typically more accurate than the first method because its order is bigger than that of the first method. The general form of the above methods can be written as follows:
If Simpson's method (M2). Using (7) given above in (4) leads to
Space discretization
We subdivide the solution domain [a, b] into uniformly spaced finite elements that have length of h by knots
The quartic trigonometric B-spline functions at these knots are obtained using the recurrence relation given [17, 26] as
where
) .
The set of quartic trigonometric B-splines T m (x) , m = −2, . . . , N + 1 , forms a basis over the problem domain
. Thus, the global approximate solution to the analytical solution for Eq. (1) can be defined in terms of the quartic trigonometric B-splines as
where the values of δ m (t) are time-dependent parameters that will be determined from the boundary and quartic 
Approximation of the nodal values U m and the three principal space derivatives over the element
] can be obtained in terms of the parameters δ m using (9) in (11) as
The quartic trigonometric B-spline shape functions (9) in terms of ξ over [0, h] can be written as
+ sin
Thus, the approximation to the exact solution u(x, t) can be expressed over the element [0, h] as
where δ j and T j are element parameters and element shape functions, respectively.
Applying the Galerkin method to Eq. (8), we have the integral equation
where W (x) is a weight function.
In the above equation, taking the weight function W (x) as the quartic trigonometric B-spline T m and using element trial function (14), a fully discrete approximation is obtained over the element 
A e , B e , and D e are the element matrices with dimensions 5×5 ; C e is the element matrix with dimension 5 × 5 × 5 ; and these element matrices are denoted by
In the above notation, A e , B e , and D e are independent of the parameters δ e and C e depends on the parameters δ e . The nonlinear matrix equation is produced by assembling the systems of (17) over all elements (18) is an implicit system, an inner iteration algorithm is employed at all time steps.
Numerical tests
The three invariants of the motion for the RLW equation corresponding to mass, momentum, and energy, respectively, are given by [20] as
2 )dx,
These integrals (19) are calculated approximately with the trapezoidal rule for the space interval [a, b] at all time steps. We present three numerical test problems including motion of a single solitary wave, interaction of two solitary waves, and wave generation to exhibit the efficiency of the method. For the first test problem, accuracy of the method is calculated using the following error norm;
and the order of convergence is computed by
where (L ∞ ) ∆tm is the error norm L ∞ with time step ∆t m .
Motion of single solitary wave
The theoretical solution of the RLW equation,
represents a single solitary wave. Here 3c depicts magnitude, the wave velocity is v = 1 + εc, peak position of the initially centered wave isx 0 , and k = √ εc
4µv
. The boundary conditions are chosen as α 1 = α 2 = 0 . By taking t = 0 in the analytical solution (22) , the initial condition can be obtained as
In this test problem, a single solitary wave propagates towards the right across the interval −80 ≤ x ≤ 120 in the time period 0 ≤ t ≤ 20 with the parameters ε = µ = 1,x 0 = 0 , and the amplitude 3c = 0.3 . Using these parameters and h = ∆t = 0.1, the initial and numerical solutions at various times are illustrated in Figure 1 for M2. According to the figure we can say that the solitary wave remains in its initial form during the running time. Using initial condition (23) , analytical values of invariants can be determined as 
The algorithm is run up to time t = 20 with constant space and various time steps. Error norm L ∞ and conservation invariants are presented in Table 1 with c = 0.1 for each proposed method. According to the table, while equal space and time steps are decreased from 1 to 0.05 , all of the error norms L ∞ are decreased for each proposed methods. The numerical values of the conservation invariants also remain almost the same as their analytical values, which are given in Table 1 . When we compare the performance of the algorithms by their orders of convergence, it can be seen that M1 and M2 have a quadratic and quartic order of convergence, respectively.
The distribution of the absolute error (analytical -numerical) at time t = 20 is demonstrated in Figure   2 for each proposed method. As seen from the figures, the maximum error is observed at the middle of the space interval, and this result is also compatible with Table 1 .
The obtained error norm L ∞ and conservation invariants are presented in Table 2 for a different problem domain and our results are compared with previous studies. According to the table, our results, especially those obtained by M2, have smaller error than other ones given in the table. Also, it can be clearly seen that the accuracy of the approach is increased by the application of the fourth order time discretization method. 
Interaction of two solitary waves
The initial condition of the interaction of two solitary waves is expressed in the following form:
For the computational work and the comparison with earlier studies, we choose the parameters ε = µ = 1 , Figure 3 . According to the figure, the larger wave is placed to the left of the smaller wave. Later, both waves move to the right over the interval and the larger wave catches up to the smaller one. The nonlinear interaction takes places at about time t = 25 , and after the interaction, two solitary waves start to resume their original shapes. The analytical invariants can be calculated as
In the Table 3 , the conservation invariants are compared for M1 and M2 with equal space and time steps. The table indicates that the changes of the invariants are fairly small for M2. In Table 4 , amplitudes of larger and smaller waves at t = 50 for both methods are given. While equal space and time steps are decreased from 0.2 to 0.02, the numerical values of the amplitudes for both proposed methods are getting close to the exact values of the amplitudes.
Wave generation
The wave marker boundary condition Table 5 for comparison of both of the proposed methods with earlier works. Generation of the solitary waves is depicted in Figure 4 for M2. It can be said that five solitary waves are produced by the left-side boundary condition's effect. 
Conclusion
The Galerkin finite element method based on quartic trigonometric B-splines as weight and trial functions for space discretization and Crank-Nicolson and Simpson's methods for time discretization have been proposed to get a numerical solution to the RLW equation. According to the time discretization, the first method is of order 2 and the second method is of order 4. The performances of the proposed methods have been examined well by studying three test problems including the propagation of a single solitary wave, interaction of solitary waves, and wave generation. Comparing all the proposed methods with previous studies, M2 gives accurate and reliable results for the numerical solution of the RLW equation. 
